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CHOW GROUPS OF K3 SURFACES AND SPHERICAL OBJECTS
DANIEL HUYBRECHTS
Abstrat. We show that for a K3 surfae X the nitely generated subring R(X) ⊂ CH∗(X)
introdued by Beauville and Voisin is preserved under derived equivalenes. This is proved
by analyzing Chern haraters of spherial bundles (and omplexes). As for a K3 surfae X
dened over a number eld all spherial bundles on the omplex K3 surfae XC are dened
over Q¯, this is ompatible with the BlohBeilinson onjeture. Besides the work of Beauville
and Voisin [5℄, Lazarfeld's result on BrillNoether theory for urves in K3 surfaes [16℄ and
the deformation theory developed in [13℄ are entral for the disussion.
1. Introdution
The Chow group CHi(X) of a smooth projetive variety X is the group of all yles of
odimension i modulo rational equivalene (see [8℄). For surfaes these are CH0(X) = Z[X],
CH1(X) ≃ Pic(X) (via the rst Chern lass), and the more mysterious CH2(X). The latter
is roughly the group of 0-yles Z =
∑
nixi modulo linear equivalene on urves ontaining
Z. Sine Mumford's artile [21℄ one knows that, ontrary to CH0(X) and CH1(X), the group
CH2(X) an be big. More preisely, the subgroup A(X) := ker(deg : CH2(X) // Z) of all
homologially trivial 0-yles on a omplex projetive surfae X is innite-dimensional (and in
partiular innitely generated) whenever pg(X) = h
2(X,OX ) > 0, e.g. for K3 surfaes.
For K3 surfaes, Beauville and Voisin have studied more reently the subgroup
R(X) := CH0(X) ⊕ CH1(X)⊕ cXZ ⊂ CH
2(X),
where cX ∈ CH
2(X) is the fundamental lass of a losed point x ∈ X that is ontained in a
(possibly) singular rational urve in X. As shown in [5℄, the lass cX is independent of the
point x. The main results of [5℄ an be stated as follows:
Theorem (BeauvilleVoisin). i) R(X) ⊂ CH∗(X) is a subring and ii) 24cX = c2(X).
The rst ondition is equivalently expressed by saying that for any line bundle L ∈ Pic(X)
the lass c1(L)
2 ∈ CH2(X) is a multiple of cX .
Let us rephrase i) and ii) in terms of Mukai vetors. For any oherent sheaf (or omplex of
oherent sheaves) E on X one denes
vCH(E) := ch(E)
√
td(X) ∈ CH∗(X).
In other words, vCH(X) := (rk(E), c1(E), ch2(E) + rk(E)cX ) ∈ CH
0(X)⊕CH1(X)⊕CH2(X).
Then by applying i) to powers of L, onditions i) and ii) an be reformulated as:
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iii) For any line bundle L ∈ Pic(X), one has vCH(L) ∈ R(X).
Line bundles on a K3 surfae X are the easiest examples of spherial objets on X, whih
by denition are bounded omplexes of oherent sheaves E ∈ Db(X) with Ext∗X(E,E) ≃
H∗(S2,C). Building upon [5℄, we shall prove the following generalization of iii).
Theorem 1. Let X be a omplex projetive K3 surfae of Piard number ρ(X) ≥ 2 and let
E ∈ Db(X) be a spherial objet. Then vCH(E) ∈ R(X).
Spherial objets play a distinguished role in the study of the bounded derived ategory
Db(X) (and its homologial mirror given by a ertain Fukaya ategory). They are essential
for the understanding of the rih struture of the group Aut(Db(X)) of all exat C-linear
autoequivalenes and Bridgeland's spae of stability onditions Stab(X) (see [7℄).
In this ontext, Theorem 1 is used to dedue information about the ation of derived equi-
valenes on the level of Chow groups. More preisely, we have
Theorem 2. Let ΦE : D
b(X)
∼
//Db(X ′) be an exat C-linear equivalene between the bounded
derived ategories of two smooth omplex projetive K3 surfaes of Piard number ρ(X) ≥ 2.
Then the indued ation ΦCHE : CH
∗(X)
∼
//CH∗(X ′) preserves the BeauvilleVoisin ring, i.e.
ΦCHE (R(X)) = R(X
′).
The key step towards Theorem 1 is the following result whih is valid without any assumption
on the Piard group of the surfae (see Theorem 2.3).
Theorem 3. Let X and X ′ be omplex projetive K3 surfaes and ΦE ,ΦF : D
b(X)
∼
//Db(X ′)
be two FourierMukai equivalenes. If their indued ations on ohomology oinide, i.e. ΦHE =
ΦHF : H˜(X,Z)
∼
// H˜(X ′,Z), then also ΦCHE = Φ
CH
F : CH(X)
∼
//CH(X ′).
In partiular, for X = X ′ the result shows that ΦCHE ats as the identity on A(X) whenever
it ats trivially on ohomology (see Corollary 2.7). As we will explain in Remark 2.9, this
is predited by a general onjeture of Bloh whih asserts that the ation of any algebrai
orrespondene on the graded piees of his onjetural ltration is determined by its ation on
ohomology (see [3, 1.8℄ or [25, Conj. 23.22℄).
If instead of projetive K3 surfaes over C we onsider K3 surfaes X dened over a number
eld K, then the situation hanges ompletely. In this ase CH2(X) is no longer expeted to be
innitely generated. In fat, the BlohBeilinson onjetures predit that for K3 surfaes over
number elds the degree map yields an isomorphism CH2(X) ⊗ Q ≃ Q (see [4, 22℄). This an
be rephrased as the following
Conjeture (BlohBeilinson for K3 surfaes). For any K3 surfae X dened over a
number eld K base hange yields
CH∗(X) ⊗Q 

// CH∗(XL)⊗Q
∼
//R(XC)⊗Q ≃ Q
ρ(XC)+2,
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where L/K is a ertain nite eld extension with a hosen embedding L ⊂ C.
As usual, XL denotes X ×Spec(K) Spec(L) and similarly for XC, whih then is a omplex
projetive K3 surfae.
It is well known that the base hange CH∗(X) //CH∗(XL) for any extension L/K has
torsion kernel. The passage to the nite extension L/K is not essential and only needed to
ensure that all geometri line bundles are dened. Thus, the entral point of the onjeture is
that CH2(X) ⊗ Q ≃ QcX . For a proof it would learly sue to prove that any rational point
x ∈ X(Q¯) satises [x] = cX , but there is no obvious geometri reason for this.
The skysraper sheaves k(x) of rational points x ∈ X(Q¯) dene semi-rigid objets in Db(XQ¯)
(see Setion 5 for the denition), for Ext1(k(x), k(x)) is two-dimensional. In this sense, they
are reasonably lose to our spherial objets E ∈ Db(X) whih have vanishing Ext1(E,E). The
following is thus in aordane with the BlohBeilinson onjeture for K3 surfaes.
Theorem 3. Let X be a K3 surfae over a number eld K. Then
• Any spherial objet E ∈ Db(XC) is dened over some nite extension L/K.
• Any spherial objet F ∈ Db(XQ¯) satises v
CH(FC) ∈ R(XC) if in addition ρ(XQ¯) ≥ 2.
Together these two assertions show that on any K3 surfae X dened over Q¯ with Piard
number ρ(X) ≥ 2 there exists a large number of non-trivial lasses in CH2(X) for whih the
BlohBeilinson onjeture an be veried. As with other approahes to the onjeture, the
diult part, that would show that this sues to dedue the result for all lasses, remains
open.
Despite the algebrai nature of all assertions, non-algebrai K3 surfaes play a ruial but
hidden role in this paper. A tehnique that has been developed together with Marì and Stellari
in [13℄ allows one to deform any derived equivalene that ats as the identity on ohomology to
an essentially trivial derived equivalene on a generi and non-algebrai deformation of X. This
is explained in Setion 2. The results an also be used to show that the natural representations
of Aut(Db(X)) on CH∗(X) and on the Mukai lattie H˜(X,Z) enode the same information (see
Corollary 2.7).
In Setion 3 we redue Theorem 1 to the ase that E is a spherial vetor bundle. This
setion also explains how Theorem 2 is dedued from Theorem 1. The ase of spherial vetor
bundles is dealt with in detail in Setion 4. The main ingredient here is Lazarsfeld's result that
the generi urve in an indeomposable linear system on a K3 surfae is BrillNoether general
[16℄. The nal Setion 5 disusses the relation to the BlohBeilinson onjeture for K3 surfaes
over number elds.
We ertainly expet all results to hold true without any assumption on the Piard number
of the K3 surfae X and, in fat, Theorem 1 an be proved also for ρ(X) = 1 under additional
numerial onditions on the spherial objet E.
Notation. By Db(X) we denote the bounded derived ategory of the abelian ategory Coh(X)
of oherent sheaves on X. It will be onsidered as a K-linear triangulated ategory, when X
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is dened over K (whih mostly is C, Q¯ or a number eld). The Mukai lattie H˜(X,Z) of
a omplex K3 surfae is by denition the full singular ohomology H∗(X,Z) endowed with
its natural weight two Hodge struture and the Mukai pairing (see e.g. [11℄). All intersetion
produts will be taken with respet to the Mukai pairing whih diers from the usual intersetion
pairing by a sign in degree four. We will assoiate to any E ∈ Db(X) its Mukai vetor v(E) :=
ch(E)
√
td(X) ∈ H˜(X,Z) and its natural lift to CH∗(X), whih is denoted vCH(E). We do not
make this distintion for the harateristi lasses.
Aknowledgements. I wish to thank C. Voisin for instrutive omments on a rst version of
the paper and R. Kloosterman for his help with an argument in Setion 5. Thanks also to E.
Mistretta, M. Penegini, and D. Ploog, who have heked Theorem 2 in expliit examples at an
early stage of this work.
2. FourierMukai ation on the Chow group
Let us start by briey realling the following examples of FourierMukai equivalenes for K3
surfaes.
i) For a line bundle L ∈ Pic(X), the tensor produt L⊗( ) denes a FourierMukai equivalene
Φι∗L : D
b(X)
∼
//Db(X),
where ι∗L is the diret image of L under the diagonal embedding X
∼
//∆ ⊂ X ×X.
ii) If X ′ is a smooth projetive two-dimensional ne moduli spae of µ-stable vetor bundles
on X, then the universal bundle E on X ×X ′ indues an equivalene (see [20, 11℄)
ΦE : D
b(X)
∼
//Db(X ′).
Note that any FourierMukai partner of X is isomorphi to suh a moduli spae, but of ourse
other FourierMukai equivalenes between X and X ′ do exist and are given by kernels more
ompliated than E.
iii) If E ∈ Db(X) is a spherial objet, i.e. Ext∗X(E,E) ≃ H
∗(S2,C), then the spherial twist
TE : D
b(X)
∼
//Db(X),
studied in detail in [24℄, is a FourierMukai equivalene with kernel PE := Cone(tr : E
∨
⊠
E //O∆) (see also [11, Ch. 8℄). Spherial objets, although rigid, exist in abundane on any
projetive K3 surfae. E.g. any line bundle, even the trivial one, gives rise to a non-trivial
spherial twist. Moreover, Kuleshov shows in [15℄ that any (1, 1)-lass v ∈ H˜(X,Z) of square
−2 is the Mukai vetor of a spherial objet, whih an be hosen to be a vetor bundle if the
rank of v is positive.
Any FourierMukai equivalene ΦE : D
b(X)
∼
//Db(X ′) indues a group isomorphism
ΦCHE : CH
∗(X)
∼
//CH∗(X ′)
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and a Hodge isometry
ΦHE : H˜(X,Z)
∼
// H˜(X ′,Z).
Both are dened as orrespondenes assoiated to vCH(E) ∈ CH∗(X × X ′) ⊗ Q respetively
v(E) ∈ H∗(X ×X ′,Q).
Note that in general one would expet ΦCH and ΦH to be dened only with rational oe-
ients, but as Mukai observed the situation is speial for K3 surfaes (see the original argument
in [20℄ or [11, 12℄).
Remark 2.1. The ation ΦCHE is diult to grasp for example ii), but easy to desribe in the
examples i) and iii).
Indeed, in i) the ations ΦCHι∗L and Φ
H
ι∗L
are both given by multipliation with ch(L) =
exp(c1(L)), where the Chern harater is viewed in CH
∗(X) resp. H∗(X,Z). Thus Theorem 2
is a trivial onsequene of the results in [5℄ in this ase.
For the spherial twists in iii), TCHE and T
H
E are reetions in v
CH(E)⊥ resp. v(E)⊥, where the
orthogonal omplement is taken with respet to the Mukai pairing. In partiular, their squares
(T 2E)
CH
and (T 2E)
H
at trivially, i.e. as the identity, on both groups CH∗(X) resp. H˜(X,Z).
Remark 2.2. Observe that for an arbitrary spherial objet the assoiated spherial twist TE
preserves the BeauvilleVoisin subring R(X) if and only if vCH(E) ∈ R(X). In this ase it ats
as the identity on the spae of ohomologially trivial yles A(X).
Aording to Mumford, CH2(X) is big and in fat of innite dimension for any omplex
projetive surfae with pg(X) > 0 and therefore in partiular for K3 surfaes. See [25, Ch. 22℄
for the notion of dimension of CH2(X).
Thus, a priori for an arbitrary FourierMukai equivalene ΦE : D
b(X)
∼
//Db(X ′) between
two K3 surfaes the indued map ΦCHE : CH
∗(X)
∼
//CH∗(X ′) between the innite dimensional
Chow groups might apture more information than ΦHE : H˜(X,Z)
∼
// H˜(X ′,Z). That this is
(unfortunately?) not the ase is the main result of this setion
Theorem 2.3. Let X and X ′ be smooth omplex projetive K3 surfaes and let
ΦE ,ΦF : D
b(X)
∼
//Db(X ′)
be two FourierMukai equivalenes with ΦHE = Φ
H
F . Then also
ΦCHE = Φ
CH
F : CH
∗(X)
∼
//CH∗(X ′).
Remark 2.4. In general the diret sum deomposition CH∗(X) = CH0(X)⊕CH1(X)⊕CH2(X)
is not respeted by FourierMukai transforms. However, the homologially trivial part is. More
preisely, if ΦE : D
b(X)
∼
//Db(X ′) is any FourierMukai equivalene, then ΦCHE (A(X)) =
A(X ′). Moreover, if ΦHE respets the ohomologial degree, e.g. for ohomologially trivial
autoequivalenes, then ΦCHE (CH
0(X)⊕ CH2(X)) = CH0(X ′)⊕ CH2(X ′).
The essential step in the proof of Theorem 2.3 onsists of the following slightly weaker result.
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Proposition 2.5. Let ΦE ,ΦF : D
b(X)
∼
//Db(X ′) be as in Theorem 2.3. Then ΦCHE = Φ
CH
F on
CH0(X) ⊕ CH2(X).
Proof. By studying the omposition Φ−1F ◦ΦE : D
b(X)
∼
//Db(X), one easily redues to the ase
of autoequivalenes ating as the identity on ohomology. So let ΦE0 : D
b(X)
∼
//Db(X) with
ΦHE0 = id. We laim that then also Φ
CH
E0
= id on CH0(X) ⊕ CH2(X). In partiular we have to
show that ΦCHE0 = id on the spae of homologially trivial yles A(X).
Clearly, hanging ΦE0 by even powers T
2k
of the shift funtor or even powers T 2kOX of the
spherial twist assoiated to the trivial line bundle does not aet the assertion (see Remark
2.2 and use vCH(OX) = (1, 0, cX ) ∈ R(X)). So, in the ourse of the proof we will freely modify
ΦE0 by autoequivalenes of this type.
In [13℄ we were mainly interested in the ase ΦHE0 = (−idH2) ⊕ idH0⊕H4 , but as mentioned
there already the ase ΦHE0 = id is similar and atually easier. So the results of [13℄ show that
for any autoequivalene ΦE0 with Φ
H
E0
= id one nds:
i) Two smooth formal deformations X // Spf(R) oo X ′ with R = C[[t]] and X0 = X = X ′0.
Here X is the formal neighbourhood of X inside its twistor spae with respet to a very general
Kähler lass in Pic(X) ⊗R. Note that in this way X is deformed towards a non-projetive K3
surfae.
ii) A omplex E ∈ Db(X ×R X
′) := Dbcoh(OX×RX ′-Mod) deforming E0, i.e. Lι
∗E ≃ E0, where
ι : X ×X 

//X ×R X
′
is the obvious losed embedding.
By [13, Prop. 2.18, 2.19℄ we may assume, after possibly omposing with powers of T 2O and
T 2, that the restrition EK ∈ D
b((X ×R X
′)K) of E to the general bre is a sheaf. Hene [13,
Cor. 4.5℄ applies and shows that there exists an R-at sheaf(!) E˜ on X ×R X
′
with the same
restrition to the general bre as E , i.e. E˜K ≃ EK in D
b((X ×R X
′)K), where K = C((t)). For
the notation we refer to [13℄. Using the ompatibilities between ΦHE0 and the indued ation
on Hohshild (o)homology, one an in addition assume that the rst order deformations
X1 // Spec(C[t]/t
2) oo X ′1 of X = X0 = X
′
0 oinide.
The speialization morphism K(Db((X ×RX
′)K)) //K(D
b(X×X)) is well dened, see [13,
Remark 2.7℄ or the analogous statement for Chow groups in Remark 4.5. Hene the oherent
sheaf(!) E˜0 and the original omplex E0 have the same Mukai vetors v
CH ∈ CH∗(X ×X)⊗Q
and therefore ΦCH
eE0
= ΦCHE0 and Φ
H
eE0
= ΦHE0 .
Note that the FourierMukai transform ΦG assoiated to the sheaf G := E˜0 is not neessarily
an equivalene, whih would simplify the following arguments. But in any ase, there is a dense
open subset U ⊂ X over whih G is at (see e.g. [12, Thm. 2.15, Lemma 2.1.6℄). Hene, for
any losed point x ∈ U the image ΦG(k(x)) is simply the sheaf G|{x}×X . On the other hand,
v(ΦG(k(x))) = v(ΦE0(k(x))) = (0, 0, 1) and hene G|{x}×X must be of the form k(y) for some
point y ∈ X. This gives rise to a morphism U //X, whih by interhanging the two fators
turns out to dene a birational map X 99K X. As any birational map between K3 surfaes, the
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latter an then be ompleted to an isomorphism f : X
∼
//X. Moreover, if Z := Supp(G) ⊂
X ×X, then Γf ⊂ Z is one irreduible omponent and the other omponents do not dominate
X. The latter implies that [Γf ]∗|H2,0 = Φ
H
G |H2,0 = idH2,0 , i.e. f is a sympletomorphism.
Obviously f∗(cX) = cX and a general onjeture of Bloh (see Remark 2.9) predits that for
a sympletomorphism the indued automorphism f∗ : CH
∗(X) ≃ CH∗(X) is the identity on
A(X). Sine for generi x ∈ X we have ΦCHG ([x]) = [f(x)], this would be enough to onlude
that ΦCHG ats as the identity on CH
2(X).
Without using Bloh's onjeture, the argument is more involved and goes as follows. Sine G
is the restrition of a sheaf on X1×R1X1, the struture sheaf of the graph OΓf deforms sideways
to rst order, i.e. there exists an R1-at oherent sheaf on X1 ×R1 X
′
1 restriting to OΓf over
the losed point. (Do it rst for the graph of f |U and then pass to the losure.) In other words,
the automorphism f deforms sideways to rst order (atually to any order, but we do not need
this) in X ×R X
′
. But learly f deforms sideways to rst order if and only if f∗(w) = w, where
w ∈ H1(X,TX) orresponds to the rst order deformation X1 // Spec(C[t]/t
2).
By onstrution, the lass w maps to the hosen Kähler lass in H1,1(X) under the isomor-
phism H1,1(X) ≃ H1(X,ΩX) ≃ H
1(X,TX) and, sine the Kähler lass was hosen generially,
this implies f∗ = id on Pic(X). Sine the transendental lattie T (X) is an irreduible Hodge
struture (of weight two), the assumption f∗ = id on H2,0(X) implies by Shur's lemma that
f∗ = id on T (X). Together with f∗ = id on Pic(X) this proves f∗ = id on the full ohomology
H∗(X,Z). By the Global Torelli theorem, the latter is equivalent to f = id. Eventually this
shows that ΦCHG ([x]) = f∗[x] = [x] for generi and hene all x ∈ X. Thus Φ
CH
G = id on CH
2(X).
To onlude we observe that ΦE0(OX) deforms sideways to a spherial objet in D
b(XK), for
OX and E0 do. On the other hand, up to shift OX ′
K
is the only spherial objet in Db(X ′K) (f.
[13, Prop. 2.14℄). Hene, up to shift OX is the only spherial objet on X that deforms sideways
in the family X ′ to a spherial objet in Db(X ′K). Hene ΦE0(OX) ≃ OX (up to shift), whih
in partiular shows that ΦCHE0 (1, 0, cX ) = (1, 0, cX ).
Thus we have shown that ΦCHE0 ats as identity on CH
0(X) ⊕ CH2(X). Moreover, it ats as(
id 0
∗ id
)
on CH1(X)⊕ CH2(X) whih will later be shown to be diagonal. 
The proposition an also be used to derive information about the Mukai vetors in CH∗(X)
of spherial objets having the same Mukai vetor in ohomology. This is the following
Corollary 2.6. If E,E′ ∈ Db(X) are two spherial objets with v(E) = v(E′) ∈ H˜(X,Z), then
vCH(E) = vCH(E′) ∈ CH∗(X).
Proof. Write v(E) = (r, ℓ, s) = v(E′). Let us rst redue to the ase that r 6= 0. Suppose r = 0,
then ℓ 6= 0. Then let Φ = TOX ◦(L⊗ ( )) and use Φ◦TE ≃ TΦ(E) ◦Φ (see e.g. [11, Lemma 8.21℄),
whih holds for any FourierMukai equivalene Φ and any spherial objet E. Thus THΦ(E) =
THΦ(E′) and the assertion v
CH(E) = vCH(E′) is learly equivalent to vCH(Φ(E)) = vCH(Φ(E′)).
If L is hosen suh that (c1(L).ℓ)≪ 0, then the spherial objet Φ(E) has positive rank.
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Now apply Proposition 2.5 to the lass cX to dedue T
CH
E (cX) = T
CH
E′ (cX). Both sides an
be expliitly omputed, whih yields cX − rv
CH(E) = cX − rv
CH(E′) and hene vCH(E) =
vCH(E′). 
Proof of Theorem 2.3. Suppose again that ΦE is an autoequivalene of D
b(X) with ΦHE = id. By
Proposition 2.5 we know already that ΦCHE is the identity on CH
0(X)⊕CH2(X). Thus it remains
to show that ΦCHE (c1(L)) of an arbitrary line bundle L has no omponent in A(X). The image
L′ := ΦE(L) of a line bundle L is a spherial objet and sine Φ
H
E = id, one has v(L) = v(L
′).
By Corollary 2.6 this implies vCH(L) = vCH(L′) and hene ΦCHE (c1(L)) ∈ CH
1(X). 
As done already in the proof above, Theorem 2.3 an be reformulated in terms of autoequiva-
lenes. Sine the kernel of the ohomology representation of Aut(Db(X)) is essentially the only
remaining mystery in this ontext, we state this expliitly as
Corollary 2.7. Let X be a smooth omplex projetive K3 surfae and denote by
ρCH : Aut(Db(X)) //Aut(CH∗(X)) and ρH : Aut(Db(X)) //Aut(H˜(X,Z))
the natural representation Φ  //ΦCH resp. Φ  //ΦH . Then ker(ρCH) = ker(ρH).
Proof. The inlusion ker(ρCH) ⊂ ker(ρH) is obvious and the other one follows from the propo-
sition. 
Remark 2.8. In [7℄ Bridgeland suggests the following expliit desription of this kernel. He
onjetures ker(ρH) = π1(P
+
0 (X)), for a ertain period domain P
+
0 (X) dened in terms of the
algebrai part of H˜(X,Z). In partiular, the onjeture says that ker(ρH) is spanned by the
square T 2 = [2] of the shift funtor and the squares T 2E of all spherial twists TE . (In fat,
spherial twists assoiated to spherial sheaves should sue.)
As explained above, the onjetural generators T 2 and T 2E of ker(ρ
H) at trivially on CH∗(X).
In this sense, the orollary provides non-trivial evidene for Bridgeland's onjeture.
Remark 2.9. The orollary appears interesting also in the light of another open onjeture
due to Bloh (see [3℄), whih for the ase of surfaes reads as follows: Consider a surfae X and
a yle Γ ∈ CH2(X ×X) with its indued natural endomorphisms [Γ]2,0∗ of H
0(X,Ω2X) and [Γ]∗
of CH2(X). In general the latter does not respet the natural ltration ker(albX) ⊂ A(X) ⊂
CH2(X), but indues an endomorphism gr[Γ]∗ of the graded objet ker(albX) ⊕ Alb(X) ⊕ Z.
Then Bloh onjetures that [Γ]2,0∗ = 0 if and only if gr[Γ]∗ is trivial on ker(albX) (see also [25,
Ch. 11℄). Note that for a K3 surfae X the graded objet is just A(X)⊕ Z.
If ΦE : D
b(X)
∼
//Db(X) is a FourierMukai autoequivalene of a K3 surfae X suh that
ΦHE = id, then Γ := v
CH(E)−[∆] ats trivially on ohomology and, in partiular, on H0(X,Ω2X).
Bloh's onjeture would thus say that gr[Γ]∗ is trivial on A(X) = ker(albX). And indeed, by
Corollary 2.7 this holds true, as we in fat have Γ = 0.
Note that Bloh's onjeture would atually say that ΦHE = id on H
0(X,Ω2X ) is suient
to onlude ΦCHE = id on A(X), but our tehniques fail to prove this. In fat, it seems even
unknown whether any sympletomorphism f ∈ Aut(X) indues the identity on A(X), i.e.
CHOW GROUPS OF K3 SURFACES AND SPHERICAL OBJECTS 9
whether for a sympletomorphism f any point x ∈ X is rationally equivalent to its image f(x)
(f. omments in the proof of Proposition 2.5).
3. Mukai vetors of spherial objets
The goal of this setion is to prove that for any spherial objet E ∈ Db(X) on a smooth
omplex projetive K3 surfae X with Piard number ρ(X) ≥ 2 the Mukai vetor vCH(E) ∈
CH∗(X) is ontained in the BeauvilleVoisin subring R(X) ⊂ CH∗(X). The main results
(Corollaries 3.3 and 3.4) should also hold for K3 surfaes with ρ(X) = 1, but we an only prove
it under additional onditions on the numerial invariants of E.
Remark 3.1. As noted earlier, the original result in [5℄ an be seen as the speial ase that the
spherial objet E is a line bundle L ∈ Pic(X). Indeed, if vCH(Lk) = (1, kc1(L), k
2c1(L)
2/2 +
c2(X)/24) ∈ R(X), then neessarily c1(L)
2 ∈ R(X) and c2(X) ∈ R(X). However, it should be
emphasized that our methods do not provide an alternate proof of the results in [5℄.
In this setion we shall explain how to redue the proof of Theorem 1 to a generalization
of the BeauvilleVoisin result from line bundles to higher rank spherial vetor bundles. The
proof of the following ruial result is postponed to the next setion.
Proposition 3.2. Let X be a smooth omplex projetive K3 surfae and let E be a spherial
vetor bundle on X. Suppose that one of the following onditions hold
i) ρ(X) ≥ 2 or
ii) Pic(X) = ZH and v(E) = (r, kH, s) with k ≡ ±1(r).
Then vCH(E) ∈ R(X).
This proposition is expeted to hold without any restrition on X or the spherial vetor
bundle E. However, it does not generalize to µ-stable vetor bundles, i.e. the Mukai vetor of
a general non-rigid µ-stable vetor bundle E is ertainly not ontained in R(X).
The following onsequene of Proposition 3.2 proves Theorem 1.
Corollary 3.3. Let E ∈ Db(X) be a spherial objet on a smooth projetive K3 surfae X.
Suppose that either
i) ρ(X) ≥ 2 or
ii) Pic(X) = ZH with v(E) = (r, kH, s) with k ≡ ±1(r).
Then vCH(E) ∈ R(X).
Proof. Let E ∈ Db(X) be spherial. Write v(E) = (r, ℓ, s). Clearly, vCH(E) ∈ R(X) is
equivalent to vCH(E[1]) = −vCH(E) ∈ R(X). Hene we may assume r ≥ 0.
If r > 0, then as proved in [15℄ there exists a spherial loally free sheaf E′ on X with
v(E′) = v(E). (In fat any torsion free spherial sheaf is automatially loally free as was already
observed by Mukai in [20℄.) Now apply Proposition 3.2 to E′ whih yields vCH(E′) ∈ R(X).
But by Corollary 2.6, we know that vCH(E) = vCH(E′) for any two numerially equivalent
spherial objets E,E′ ∈ Db(X)
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The ase r = 0 is straightforward. First, by applying TOX we redue to the ase that also
s = 0 and hene v(E) = (0, ℓ, 0) with ℓ a (−2)-lass, whih we may assume to be eetive.
Thus THE = sℓ, the reetion in ℓ
⊥
. The Weyl group WX generated by reetions sδ for all
eetive (−2)-lasses δ is known to be generated by reetions assoiated to nodal lasses, i.e.
when δ is represented by a smooth rational urve. Thus sℓ an be written as a omposition
of nitely many reetions s[Ci], where the urves Ci ⊂ X are smooth and rational. Then use
that vCH(E) ∈ R(X) is equivalent to TCHE (R(X)) = R(X), beause T
CH
E is the reetion in the
hyperplane vCH(E)⊥, and that THE = sℓ =
∏
s[Ci] implies T
CH
E =
∏
TCHOCi (−1)
(Theorem 2.3).
Clearly, vCH(OCi(−1)) ∈ R(X) and hene T
CH
OCi(−1)
(R(X)) = R(X). 
Let us now show that Theorem 1 implies Theorem 2, whih we state again as
Corollary 3.4. Suppose X and X ′ are smooth omplex projetive K3 surfaes with Piard
number ρ(X) ≥ 2. If ΦE : D
b(X)
∼
//Db(X ′) is a FourierMukai equivalene, then the indued
map ΦCHE : CH
∗(X)
∼
//CH∗(X ′) respets the BeauvilleVoisin subring, i.e.
ΦCHE (R(X)) = R(X
′).
Proof. The Mukai vetors vCH(L) ∈ CH∗(X) of all line bundles L ∈ Pic(X) span R(X). The
images E := ΦE(L) ∈ D
b(X ′) are not neessarily (shifted) line bundle again, but they are
spherial objets in Db(X ′). Sine ρ(X) ≥ 2 and hene ρ(X ′) ≥ 2, Corollary 3.3, i) applies.
Thus ΦCHE (v
CH(L)) = vCH(E) ∈ R(X ′). 
Remark 3.5. The most interesting speial ase is the one when X ′ is a ne moduli spae of
µ-stable vetor bundles and E is the universal bundle E. In examples where both, moduli spae
X ′ and universal bundle E, are onstruted expliitly, one sometimes an prove Corollary 3.4
diretly (see e.g. [12℄ for expliit examples). If there was an argument proving the result for
arbitrary universal bundles without rst proving Corollary 3.3, then the tehniques of Setion
2 would prove Corollary 3.4 more diretly (and also in the ase ρ(X) = 1).
To be more preise, let E be any spherial objet with v(E) = (r, ℓ, s) and r > 0. Then
THE (0, 0, 1) = −(r
2, rℓ, rs − 1). Thus, if TE is omposed with ΦE[1] where E ∈ D
b(X ×X ′) is
the universal family of stable vetor bundles with Mukai vetor (r2, rℓ, rs − 1), then (ΦE[1] ◦
TE)
H(0, 0, 1) = (0, 0, 1). By omposing with a ertain equivalene Ψ that is a ombination of
spherial twists TOC (with P
1 ≃ C ⊂ X) and tensor produts with line bundles, the Hodge
isometry (Ψ◦ΦE[1] ◦TE)
H
beomes graded. Moreover, it will respet the Kähler one up to sign
(see e.g. [11, Ch. 9℄ for details). Then by the Global Torelli theorem (Ψ◦ΦE[1] ◦TE)
H = ±f∗ for
some isomorphism f . Now use that fCH∗ and Ψ
CH
preserve the BeauvilleVoisin ring. Hene
TCHE (R(X)) = R(X) if and only if Φ
CH
E (R(X)) = R(X
′), where E is a universal family of stable
bundles of rank r2.
4. Spherial vetor bundles: Proof of Proposition 3.2
Let C be a smooth irreduible omplex projetive urve of genus g. Reall that the Brill
Noether lous W r0d (C) ⊂ Pic
d(C) is the determinantal subvariety of all line bundles A of degree
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d with h0(C,A) ≥ r0 + 1. The BrillNoether number for these numerial invariants is by
denition
ρ(r0, d, g) := g − (r0 + 1)(g − d+ r0).
Classially (see [1℄) one knows that W r0d (C) is non-empty whenever ρ(r0, d, g) ≥ 0. (Due to
a result of Fulton and Lazarsfeld, it is also onneted when ρ(r0, d, g) > 0, but this will not
be used.) Moreover, for a generi urve C the BrillNoether number ρ(r0, d, g) is in fat the
dimension of W r0d (C) when ρ(r0, d, g) ≥ 0 and W
r0
d (C) = ∅ otherwise.
Central for our disussion is a result of Lazarsfeld [16℄ that shows that a generi smooth urve
C in an indeomposable linear system on a K3 surfae is BrillNoether general, i.e. the W r0d (C)
have the expeted dimension. Let us make preise whih parts of [16℄ are really used.
Suppose A ∈W r0d (C) satises
(4.1) i) h0(C,A) = r0 + 1 and ii) the line bundles A and A
∗ ⊗ ωC are globally generated.
If C is embedded into a K3 surfae X, one assoiates to A the Lazarsfeld bundle FC,A, whih
by denition is the kernel of the evaluation map H0(C,A) ⊗OX //A. Here A is viewed as a
sheaf on X supported on C. Thus, there is a short exat sequene
0 // FC,A
// H0(C,A) ⊗OX // A // 0
and it is not diult to see that FC,A really is loally free. Dualizing yields an exat sequene
(4.2) 0 // H0(C,A)∗ ⊗OX // F
∗
C,A
// A∗ ⊗ ωC // 0.
The ruial result for our disussion is the following observation.
Lemma 4.1. [16, Lemma 1.3℄ If |C| is indeomposable, i.e. |C| does not ontain any reduible
urves, then the bundle FC,A is simple. 
Clearly, the assumption on |C| is satised if Pic(X) is generated by O(C) and we shall
restrit to this ase. So let from now on X be a omplex projetive K3 surfae with ρ(X) = 1,
let H ∈ Pic(X) be the ample generator and write (H.H) = 2g − 2. Then the generi urve
C ∈ |H| is smooth of genus g. (Indeed, by Bertini it sues to show that |H| has no base points
and aording to [23, Cor. 3.2℄ there are no base points outside the xed omponents whih do
not exist, beause |H| is indeomposable.)
Now hoose r0 and d suh that
(4.3) d < g + r0 and ρ(r0, d, g) = 0.
We will only need the following immediate onsequene of [16℄:
Proposition 4.2. For generi C ∈ |H| there exists a line bundle A ∈W r0d (C) satisfying (4.1).
Proof. In fat we will show that for a generi urve C ∈ |H| any A ∈ W r0d (C) satises (4.1).
Sine ρ(r0, d, g) = 0 and hene W
r0
d (C) 6= ∅ (for any smooth C), this proves the assertion.
Let C ∈ |H| be generi and let A ∈ W r0d (C). We rst hek h
0(C,A) = r0 + 1. If not,
then W r0+1d (C) 6= ∅. On the other hand, by our assumption (4.3) we have ρ(r0 + 1, d, g) =
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ρ(r0, d, g) − (g − d + r0 + 1) − (r0 + 2) = 0 + d − g − 2r0 − 3 < 0 and thus W
r0+1
d (C) = ∅, as
the generi smooth urve in |H| is BrillNoether general aording to [16℄.
Next, for generi C ∈ |H| any A ∈ W r0d (C) is globally generated. Otherwise W
r0
d−1(C) 6= ∅.
This would again ontradit that C is BrillNoether general, for ρ(r0, d − 1, g) = ρ(r0, d, g) −
(r0 + 1) < 0.
The alulation for A∗⊗ωC is similar. First observe A
∗⊗ωC ∈W
r0−d−1+g
2g−2−d (C) and h
0(C,A∗⊗
ωC) = r0−d+g by Serre duality and RiemannRoh. Then, using the assumption d < g+r0 in
(4.3) (so far d < g+2r0 was enough), one heks ρ(r0−d−1+g, 2g−2−d−1, g) < 0 and hene
W r0−d−1+g2g−2−d−1 (C) = ∅. The latter shows in partiular that A
∗ ⊗ ωC is globally generated. 
We ontinue to assume Pic(X) = ZH. Consider a spherial bundle E on X and let v(E) =
(r, kH, s) with k ≡ ±1(r). By tensoring with powers of H and dualizing we an modify E
suh that k = 1. As these operations do not aet whether vCH(E) ∈ R(X), we will assume
heneforth that k = 1. Sine E is spherial, one has (H.H) − 2rs = −2 or, in other words,
rs = g.
Next we would like to relate E to a partiular Lazarsfeld bundle, but a priori it is not lear
that E ts in a short exat sequene of the form 0 //OrX
//E //M // 0 withM a line bundle
on a generi C ∈ |H| (f. (4.2)). However, we will see that this is possible for the right hoie
of r0 and d. To be more preise, let
d := g − 1− s+ r and r0 := r − 1.
(If the wished for exat sequene 0 //OrX
//E //M // 0 is of the form (4.2), then the
RiemannRoh formula χ(M) = −d+ g − 1 together with χ(M) = χ(E)− 2r = s− r ditates
this hoie.)
A straightforward omputation reveals that with this hoie ρ(r0, d, g) = g − rs = 0 and
d < g + r0. The latter is equivalent to s > 0 whih follows from g = rs and r > 0. Thus
Proposition 4.2 applies and we nd for generi C ∈ |H| a line bundle A ∈ W r0d (C) satisfying
(4.3). This then yields a short exat sequene of the form (4.2). Moreover, F ∗C,A is simple by
Lemma 4.1 and v(F ∗C,A) = (r,H, s) = v(E).
By [20, Prop. 3.14℄, any spherial bundle on a K3 surfae with Piard number one is µ-stable.
Mukai also proves that rigid µ-stable vetor bundles with given Mukai vetor are unique (see
also [12, Thm. 6.16℄). Hene E ≃ F ∗C,A.
Thus as a onsequene of [16℄ we proved
Corollary 4.3. Let E be a spherial bundle on a K3 surfae X with Pic(X) = ZH and suh
that v(E) = (r,H, s). Then for any generi smooth urve C ∈ |H| there exists a line bundle M
on C and a short exat sequene
0 //OrX //E //M // 0.

Remark 4.4. Corollary 2.6, whih also works for ρ(X) > 1, shows that in any ase vCH(E) =
vCH(F ∗C,A). So we do not atually need E ≃ F
∗
C,A, but only that the simple F
∗
C,A exists.
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The rough idea of the next step is to let degenerate the smooth generi urve C to a rational
urve C0 ∈ |H|, whih always exist due to Mumford (f. [19℄ or [2℄). At the same time, M
will deform to a sheaf M0 supported on C0. Sine the right hand side in v
CH(M) = vCH(E)−
vCH(OrX ) stays onstant in the proess, one also has v
CH(M0) = v
CH(E)− vCH(OrX). But now
M0 is supported on the rational urve C0 ⊂ X and by [5℄ this implies v
CH(M0) ∈ R(X). Hene
vCH(E) ∈ R(X).
This an be made rigorous as follows: Consider Z := Gr(r,H0(X,E)) and the non-empty
Zariski open subset U ⊂ Z of all subspaes V ⊂ H0(X,E) suh that V ⊗OX //E is injetive
with okernel M being a line bundle on a smooth urve C. Then C ∈ |H|, for c1(E) = H. By
Corollary 4.3 the set U is not empty and in fat the omposition
U //Picd(C/|H|) // |H|
is dominant.
Here C // |H| is the linear system together with its universal urve and Picd(C/|H|) // |H|
denotes the ompatied relative Jaobian variety (or Simpson's moduli spae of stable pure
sheaves).
The morphism U //Picd(C/|H|) an be ompatied to a morphism ϕ : Z ′ //Picd(C/|H|)
where Z ′ is some projetive variety ontaining U as a dense open subset. For the following,
we an assume that the universal sheaf M on Picd(C/|H|) ×X exists, otherwise pass to some
projetive variety dominating Picd(C/|H|). Then the pull-bak N := (ϕ × id)∗M on Z ′ × X
has the property that vCH(Nt) = v
CH(E) − vCH(OrX) for any losed point t ∈ U . Hene also
vCH(Nt0) = v
CH(E)− vCH(OrX) for any losed point t0 ∈ Z
′
in the boundary.
Remark 4.5. This last argument makes use of the speialization map for Chow groups. Con-
sider rst a family X //S over a smooth irreduible urve. Let t ∈ S be a losed point and
η ∈ S be the generi point. Denote by Xt and Xη the orresponding bres, whih we regard as
varieties over k(t) resp. k(η) = K(S). The losure of any yle on Xη yields a yle on X whih
an then be restrited to the losed bre Xt. Rational equivalene is preserved in the proess,
so that we get the speialization map
(4.4) CH∗(Xη) //CH
∗(Xt).
See [8, Ch. 20℄ for details when S is the spetrum of a disrete valuation ring with the two
points t and η. For an arbitrary (smooth and irreduible) base S one onstruts by reurring
blow-ups (see e.g. [10, II, Exer. 4.12℄) a morphism Spec(R) //S, with R a disrete valuation
ring, mapping the losed (resp. generi) point to t (resp. η). Then pull-bak the family X to
Spec(R) and apply the onstrution for disrete valuation rings. Note that by onstrution for
any yle α ∈ CH∗(X ) the restrition αt ∈ CH
∗(Xt) equals the image under the speialization
map of the restrition αη, f. [8, 20.3.1℄.
This speialization tehnique applies to our ase, as the short exat sequenes assoiated to
any V ⊂ H0(X,E) in U glue to a short exat sequene over U and hene over the generi point
η ∈ U ⊂ Z ′. Thus one has vCH(Nη) = v
CH(Eη) − v
CH(OrXη ), where Eη is obtained by base
hange Xη := X ×C η //X.
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Sine U // |H| is dominant, there exists a losed point t0 ∈ Z
′
whih under
Z ′ //Picd(C/|H|) // |H|
maps to a losed point orresponding to an irreduible rational urve C0 ∈ |H|. Thus Nt0 is
supported on an irreduible rational urve. But then vCH(Nt0) ∈ R(X) and hene v
CH(E) ∈
R(X). Thus we have proved
Proposition 4.6. Let X be a K3 surfae with Pic(X) = ZH. If E is a spherial bundle with
v(E) = (r, kH, s) and k ≡ ±1(r), then vCH(E) ∈ R(X). 
Remark 4.7. Note that the above arguments also work for ρ(X) ≥ 2 whenever U // |H| is
dominant, but without using Lazarsfeld's result this seems diult.
Remark 4.8. There is an alternate argument going bak to Mumford that would replae the
degeneration argument. One an show that the set of eetive yles Z ∈ Sn(X) rationally
equivalent to a given one Z0 ∈ S
n(X) forms a ountable union of irreduible Zariski losed
subsets. The ountability stems from the fat that the number of irreduible omponents of the
Hilbert sheme of all subvarieties is ountable. See [25, Ch. 22℄ for an aount.
By taking setions of the line bundles Nt one obtains eetive yles on X, whih for all t in
the open subset U are rationally equivalent to eah other (and to c2(E)). But then this holds
for any yle in the losure of the image of U // Sn(X), whih neessarily ontains a yle that
is ontained in a rational urve.
In order to fully prove Proposition 3.2, it remains to treat the ase ρ(X) ≥ 2. There are
essentially two arguments involved:
i) Show that on a K3 surfae X with ρ(X) ≥ 2 tensoring with line bundles and dualizing
brings the Mukai vetor of any spherial bundle E into the form v(E) = (r,H, s), where H is
a primitive ample line bundle.
ii) View any polarized K3 surfae (X,H) with ρ(X) ≥ 2 as a degeneration of a polarized K3
surfae of Piard number one. Then use Proposition 4.6 and a degeneration argument.
The rst question is purely numerial: Suppose E is a spherial vetor bundle with v(E) =
(r, c1(L), s). Write c1(L) = kℓ for some primitive ℓ ∈ NS(X) and k ∈ Z. As E is spherial,
one has k2(ℓ.ℓ) − 2rs = −2. Thus k and r are oprime, for (ℓ.ℓ) is even. Assuming ρ(X) ≥ 2,
there exists a line bundle M ∈ Pic(X) suh that c1(E ⊗M) = kℓ + rc1(M) is primitive and
ample. (Indeed, omplete e1 := ℓ to a basis e1, e2, . . . , eρ of NS(X) and hoose M suh that
c1(M) =
∑
aiei with a2 = ±r
n
. Then k+ ra1 and ra2 = ±r
n+1
are oprime and for n≫ 0 the
oeients a1, a3, . . . , aρ an be hosen suh that ke1 + rc1(M) is ontained in the ample one,
whih is open.)
Sine vCH(E) ∈ R(X) is equivalent to vCH(E ⊗ M) ∈ R(X), it sues to onsider the
following situation: (X,H) is a polarized K3 surfae with H primitive and E is a spherial
vetor bundle on X with det(E) = H.
In step ii) we hoose a smooth projetive family of polarized K3 surfaes π : (X ,H) //D
over a urve D, suh that a distinguished bre, say over the losed point 0 ∈ D, is (X,H), i.e.
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X0 ≃ X and H0 := H|X0 ≃ H, and suh that the general bre has Piard number one. More
preisely, for all exept ountably many losed points t ∈ D one has ρ(Xt) = ZHt.
The obstrutions to deform the spherial bundle E on the entral bre X to a bundle on the
nearby bres in X //D are ontained in Ext2X(E,E) and their traes are the obstrutions to
deform det(E) = H sideways. Sine H exists, the latter must be trivial. As E is spherial, the
trae free part of Ext2X(E,E) is trivial and hene E deforms to a vetor bundle E on X , possibly
after shrinking D. So E0 := E|X0 ≃ E and, by semi-ontinuity (shrink D again if neessary),
the restrition Et to any other bre Xt is as well spherial. A degeneration argument then yields
the following result, whih ompletes the proof of Proposition 3.2.
Proposition 4.9. Suppose E is a spherial vetor bundle on a K3 surfae with ρ(X) ≥ 2. Then
vCH(E) ∈ R(X).
Proof. Again, there are two ways of proving this (f. Remark 4.5 and the disussion following
it). One an argue as Mumford and say that either vCH(Et) ∈ R(Xt) for all losed points t ∈ D
or for only a ountable number of them (f. Remark 4.8 whih one easily adapts to the relative
setting). Sine over C the number of losed points t ∈ D with ρ(Xt) = 1 is unountable and for
them vCH(Et) ∈ R(Xt) by Proposition 4.6, we must have v
CH(Et) ∈ R(Xt) for all losed points
t ∈ D and in partiular for t = 0. Hene, vCH(E) ∈ R(X).
An alternate argument would be the following. Consider the relative GrassmannianGr(r, π∗E)
with bres Gr(r,H0(Xt, Et)) (at least over a non-empty open subset of D to whih we taitly
restrit). Then let U ⊂ Gr(r, π∗E) be the open subset of subspaes V ⊂ H
0(Xt, Et) induing
short exat sequenes of the form 0 // V ⊗OXt // Et //M // 0 with M a line bundle on some
smooth urve on Xt in the ample linear system |Ht|. As explained earlier, if ρ(Xt) = 1, the
natural morphism ϕt : Ut // |Ht| is dominant. But this is an open ondition. Hene ϕt is
atually surjetive on a Zariski open subset of losed points t ∈ D and thus over the generi
point η ∈ D. Then imitate the degeneration argument for the linear system on Xη, that shows
that vCH(Eη) ∈ R(Xη). Now use the speialization map CH(Xη) //CH(X0). 
5. K3 surfaes over number fields
The situation hanges dramatially if instead of K3 surfaes over C one onsiders smooth
projetive K3 surfaes dened over a number eld or over Q¯. In fat, a general onjeture of
Beilinson and Bloh (see [4, 22℄) applied to this ase an be stated as follows:
Conjeture 5.1. If X is a smooth projetive K3 surfae over a number eld K or Q¯, then
deg : CH2(X) ⊗Q
∼
// Q.
How does this ompare to [5℄ and to the results of the previous setions? Choose an embedding
K ⊂ C and let XC := X ×K C be the indued omplex K3 surfae. A folklore argument shows
that for arbitrary X the kernel of the natural map
CH∗(X) //CH∗(XC)
is torsion. Thus, Conjeture 5.1 an be rephrased as
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Conjeture 5.2. (BlohBeilinson for K3 surfaes) If X is a smooth projetive K3 surfae
over a number eld K ⊂ C (or Q¯), then the pull-bak yields an injetion
CH∗(X) ⊗Q 

// R(XC)⊗Q ⊂ CH
∗(XC)Q.
To prove the onjeture, it sues to show that any K-rational point x ∈ X(K) satises
[x] = cX ∈ CH
2(XC). This would follow from the a priori stronger statement that any K-
rational point x ∈ X(K) lies on a rational urve whih is alled a `logial possibility' by
Bogomolov, f. [6℄. Note that there are other lasses of points on K3 surfaes whih are known
to have fundamental lass in R(XC), e.g. in [18℄ this is shown for points that an be written as
sums of a torsion point on an ellipti urve and a point in the intersetion of the ellipti urve
with a rational urve.
From the derived point of view, any K-rational point x denes a semi-rigid objet
k(x) ∈ Db(X),
where Db(X) is viewed as a K-linear triangulated ategory. By denition, an objet E ∈ Db(X)
is alled semi-rigid if Ext∗X(E,E) ≃ H
∗(S1 × S1,K). For omparison, reall that E was alled
spherial if Ext∗X(E,E) ≃ H
∗(S2,K).
The tehniques of this artile do not allow to treat semi-rigid objets, but they do show that
their simpler spherial ousins behave as expeted.
Proposition 5.3. Let E ∈ Db(X) be a spherial objet on a smooth projetive K3 surfae X
over a number eld K ⊂ C (or Q¯) suh that ρ(XC) ≥ 2. Then under CH
∗(X) //CH∗(XC) its
Mukai vetor vCH(E) ∈ CH∗(X) is mapped to R(XC).
Proof. This is an immediate onsequene of Corollary 3.3. Indeed, at base hange turns E
into a spherial objet EC ∈ D
b(XC) whose Mukai vetor is ontained in R(XC). 
By means of the proposition one an now produe non-trivial lasses on K3 surfaes over
number elds that are ontained in R(XC). In other words, these lasses behave as predited
by Conjeture 5.2, but for a less geometri reason than e.g. rational points ontained in rational
urves.
As it turns out, in fat all spherial objets on the omplex K3 surfae XC, whih although
rigid exist in abundane, are dened over Q¯. This is
Proposition 5.4. Let X be a smooth projetive K3 surfae over a number eld K ⊂ C. Then
any spherial objet F ∈ Db(XC) is dened over some nite extension L/K, i.e. there exists a
spherial objet E ∈ Db(XL) suh that EC ≃ F .
Proof. This uses a standard argument that roughly says that all points of a zero-dimensional
moduli spae representing a moduli funtor dened over an algebraially losed eld are dened
over the same eld. E.g. any line bundle on XC is dened over Q¯ (and hene over some nite
extension of K), beause the Piard variety for XQ¯ lives over Q¯.
In our ase we use Inaba's moduli spae of simple omplexes (f. [17℄ for a more general
setting). Consider the funtor SplcxXQ¯
on the ategory of loally noetherian shemes over Q¯,
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whih in partiular sends the spetrum of any nitely generated eld extension L/Q¯ to the
set of isomorphism lasses of all bounded omplexes E ∈ Db(XL) with Ext
0
XL
(E,E) = L and
ExtiXL(E,E) = 0 for i < 0. Then it is shown in [14℄ that the étale sheaation Splcx
et
XQ¯
is
represented by an algebrai spae over Q¯, whih we denote Spl.
Any bounded omplex F ∈ Db(XC) is dened over some nitely generated eld extension
L/Q¯. Thus, a spherial F ∈ Db(XC) an be seen as an L-rational point of Spl. The vanishing of
Ext1(F,F ) shows that the Zariski tangent spae at the orresponding point in SplL is trivial.
In partiular, loally around the point orresponding to F the algebrai spae Spl is zero-
dimensional and we may therefore assume it is a sheme over Q¯.
To onlude use the following straightforward argument from ommutative algebra. Let A
be a nitely generated k-algebra over an algebraially losed eld k, let L/k be any extension,
and let B := A⊗kL. Let n ⊂ B be a maximal ideal and suppose that m := A∩n is maximal in
A. If now n/n2 = 0, then k = A. Indeed, Nakayama's lemma immediately shows that B must
be a eld and hene m = A ∩ n = 0, i.e. A is a eld. Sine A is a nitely generated algebra
over the algebraially losed eld k, this yields A = k. In order to redue to the ase that m is
maximal, i.e. that the L-rational point of Spl is a losed point, take a generi losed point P in
the Zariski losure of the image of Spec(L) // Spl. By semi-ontinuity it will orrespond to a
spherial objet on Xk(P ). Then the above argument applies and shows that P is isolated and
therefore equals the original L-rational point.
This shows that any spherial objet F ∈ Db(XC) is dened eventually over Q¯ and hene
over some nite extension of K. 
The deformation tehniques used to prove Proposition 2.5 would allow one to avoid moduli
spaes of simple omplexes and to work solely with moduli spaes of bundles, but the above
proof seems more oneptual.
Remark 5.5. As the reader will have notied, the proof also shows that the FourierMukai
kernel F of any autoequivalene ΦF : D
b(XC)
∼
//Db(XC) is dened over Q¯. In other words,
Aut(Db(XQ¯)) ≃ Aut(D
b(XC)). Of ourse, the same holds for the set of equivalenes between
two dierent K3 surfaes both dened over Q¯.
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